The 'quantum inequality' (relating the energy density of a quantum field and the time during which this density is observed) has recently been used to rule out some macroscopic wormholes and warp drives. This, however, required application of the inequality to the fields in curved spacetime, while in fact it was proven only in the Minkowski space. By constructing an explicit example we show that actually the quantum inequality does not hold even in a simplest case of a free field in the two-dimensional de Sitter space. Which suggests that there is no grounds today to regard those wormholes and warp drives as 'unphysical'.
Introduction
Suppose a freely falling observer measures the renormalized expectation value of the energy density ρ of a quantum field and finds that ρ is negative. Denote
where the integral is taken along the observer's world line γ parametrized by the proper time τ . Our concern is the quantity ET d−1 , where d is the dimensionality of spacetime and T = τ 1 − τ 0 . Based on a study of similar quantities defined for the electromagnetic and minimally coupled scalar fields in the two and four-dimensional Minkowski spacetimes [1] and on the idea that 'a sufficiently small region is approximately flat' it was conjectured in [2] that, when T is small enough, the inequality
holds in any curved spacetime, irrespective of the kind of the (free) field and irrespective of its state. What T qualifies as sufficiently small in the general case is rather vague, but when the spacetime is simply connected and does not contain horizons or singularities
is considered appropriate [2] . The hats over the indices in (1b) mean that the components of the Riemann tensor are found in the (orthonormal) frame associated with the observer. The importance of the quantum inequality (1a) lies, in particular, in the fact that 'this type of constraint greatly limits the macroscopic effects of negative energy. In particular, macroscopic wormholes or "warp drive" spacetimes are severely constrained' [3] . True, they are constrained only when a few additional assumptions are valid, which is not always the case [4] . There exist, nevertheless, interesting situations when those assumptions apparently hold and the quantum inequality leads to really impressive results. Thus it was shown, for example, that the 'total negative energy' needed to maintain a human-size Alcubierre bubble or Krasnikov tube is about 10 67 grams [5, 6] and that the 'absurdly benign' wormhole can exist only if the exotic matter supporting it is concentrated in a 10 −68 cm thick layer [4] .
Warning. In parallel with (1) there exists another type of inequalities. Those inequalities (see [7] , for example) are often also called quantum, they look very similar to (1) , and are discussed sometimes in the same context. The difference is that instead of ρ they deal with ρ − ρ 0 , where ρ 0 is the vacuum energy density. Since it is the total energy density that matters in the Einstein equations and not its deviation from the density in some reference state, these inequalities cannot substitute (1) in deriving the abovementioned constraints and are not discussed in this paper.
The quantum inequality definitely need not hold in a system of interacting fields [8] as is exemplified by the Casimir effect. In the next section we shall see that it is not always obeyed by free fields either.
The counter example
Our concern is the conformal field in the two-dimensional de Sitter spacetime. One of the customary choices of coordinates casts the metric into the form However, to fix in a convenient way the quantum state of the field we shall use different coordinates. Pick a function w such that
where ǫ is a small positive constant. [For example, w can be defined as
where {χ i } is a partition of unity for the cover {X i } of IR, with
The new coordinates are defined as follows
2 (v + u) and the metric takes the form
where C is smooth and nonzero in the whole space. In the region W , see figure 1 , W : ǫ < µ, ν < π 2 − ǫ, ν < µ, C can be expressed explicitly:
Consider now the massless conformal scalar field in the conformal vacuum state associated with the metric (2). Its renormalized stress-energy tensor in W is readily found by formula (6.136) of [9] :
Let γ ⊂ W be a geodesic segment
where t 0,1 are chosen so that 1 2 ln tan ǫ < t 0 < t 1 ≪ −1. For an observer whose world line is γ
which yields E = 1 6π
At the same time
Thus, ET = 
Conclusions
We have shown that the quantum inequality (1) breaks down even in a simplest case of the conformal scalar field in the two-dimensional de Sitter space. Consequently there are no reasons any longer to believe that warp drives or macroscopic wormholes are characterized by prohibitive values of parameters. So, these objects are perhaps not that 'unphysical' after all.
